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Abstract. The theory of the mechanical response of single DNA molecules un-
der stretching and twisting stresses is reviewed. Using established results for the the
semiflexible polymer including the effect of torsional stress, and for the free energy of
plectonemic supercoils, a theory of coexisting plectonemic and extended DNA is con-
structed and shown to produce phenomena observed experimentally. Analytical results
for DNA extension and torque are presented, and effects of anharmonicities in the plec-
tonemic free energy are described. An application of the theory to the problem of
torsional-stress-induced cruciform extrusion is also discussed.
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1. Introduction. Single-molecule stretching is a powerful tool not
just for the study of the DNA double helix, but also for the study of pro-
teins which interact with it. A wide variety of such experiments have
followed from seminal DNA-stretching work of Smith et al. [1]. The semi-
flexible polymer model provides a quantitative starting point for theories
describing these types of experiments [2–5]. This model, which describes
DNA bending fluctuations in terms of a single “persistence length”, is use-
ful thanks to the separation of the double-helix persistence length (50 nm)
from both the base-pair scale (0.34 nm) and the total molecular length
scale (> 1000 nm for > 3 kb molecules; 1 nm = 10−9 m). The availabil-
ity of a simple but quantitative theoretical framework for DNA elastic-
ity has greatly facilitated analysis of a wide variety of single-DNA-based
experiments.

DNA’s double-helix structure gives it a twist modulus. Both this twist-
ing elasticity, and the topology of wrapping of the DNA strands in the
double helix are of paramount biological importance, with whole families
of enzymes known to play various roles in control of and response to DNA
linking number in vivo. Many of these enzymes, including site-specific re-
combinases, topoisomerases, nucleic acid polymerases, and the mysterious
“structural maintenance of chromosome” cohesin and condensin protein
complexes, had their functions dissected by Nick Cozzarelli, to whom this
volume is dedicated.

Elegant single-DNA manipulation techniques have been developed to
control the linking numbers of individual DNA molecules, and quantita-
tive studies have been made of the elasticity of twisted DNA molecules
[6–9]. A dominant feature of the elastic behavior of twisted DNA is that
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Fig. 1. Sketch of a DNA molecule under tension f , and with linking number fixed
so as to put the double helix under torsional stress. Over a range of applied tension, the
molecule breaks up into “domains” of extended and plectonemically supercoiled DNA.

at fixed force, introduction of sufficient linking number to a DNA causes
it to start to wrap around itself or supercoil in the manner of a twisted
wire. This buckling is driven by the reduction of twist elastic energy oc-
curring when linking number is transferred to chiral bending, or “writhe”.
Further introduction of linking number causes folding up of the molecule
into a plectonemic supercoiled DNA, and a gradual reduction in molecule
extension. This folding can be discussed in terms of coexisting domains of
extended and supercoiled DNA [10–16], as sketched in Fig. 1.

An important feature of this domain, or phase-coexistence-like behav-
ior is that as linking number is converting DNA between plectonemic and
extended form at a constant force, the torque in the molecule is constant
[8, 9]. In such experiments, the torques applied to single DNAs are typi-
cally on the order of a few kBT or pN·nm (1 pN = 1 piconewton = 10−12

newton; kBT = 4.1 pN·nm at T = 300 K).

Precise measurements of elasticity of twisted DNAs have been used as
the basis of studies of enzymes whose interactions with DNA depend on
that twisting, notably topoisomerases [17–23]. Nick Cozzarelli played a key
role in many of these experiments, as well as in single-molecule experiments
examining basic twisting elasticity of DNA [24, 25].

This paper presents a brief review of the theoretical description of elas-
tic properties of twisted DNA molecules. Of particular interest is the ques-
tion of exactly what the torque is in a twisted stretched DNA and how it is
related to other measurable properties of the molecule, since torque drives
linking number relaxation in the experiments mentioned above. New op-
tical tweezer techniques using rotationally polarized light promise to bring
direct and precise torque measurements [26].

Sec. 2 reviews results of the statistical mechanical semiflexible polymer
theory used to describe DNA stretching. Then, Sec. 3 discusses how the
theory can be modified to describe twisted DNA molecules, using a mixed-
state treatment of plectonemic and extended-twisted molecule domains.
Sec. 3.4 reviews recently published results for that theory [27], while Sec. 4
presents an extension to that model which should permit precise description
of experimental data. Sec. 5 discusses an application of the same general
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type of theory to the problem of extrusion of a cruciform structure from
DNA containing a palindromic sequence. Finally the Conclusion discusses
prospects for further application and development of the theory.

2. The DNA double helix is a semiflexible polymer with twist

rigidity. In this section the basic polymer physics of the DNA double he-
lix are reviewed (for a pedagogical introduction, see Ref. [28]). Thanks to
its not-too-large bending stiffness, few-kilobase-long DNAs have conforma-
tional fluctuations that are well described by a single bending stiffness, or
“bending persistence length”. The double helical structure of the molecule
gives the double helix the additional feature of a twist rigidity.

2.1. Persistence length and polymer stretching elasticity.

Molecules of double-helix DNA under physiological solution conditions
(aqueous solution with pH buffered to be near 7.5, salt concentration in
the 10 mM to 500 mM range, temperature between 20 and 37◦C) behave
as semiflexible polymers, with a well-defined bending persistence length of
A ≈ 50 nm [29]. Recalling that there are just about 3 base pairs (bp) per
nm of contour length, this indicates that an otherwise unconstrained DNA
molecule in solution undergoes thermally excited bending causing its local
tangent to reorient every ≈ 150 bp. However, if tension is applied to the
molecule, the tangent vector will align with that applied tension. Here,
molecules which are many persistence lengths long are of interest, i.e. in
the multi-kilobase range, the typical size of circular plasmid molecules or
chromosome loop domains in bacteria.

For forces well below kBT/A a DNA molecule will be only slightly
stretched; for forces well in excess of kBT/A the molecule stretches out.
Given that kBT ≈ 4.1 pN·nm, this threshold force for stretching a double-
helix DNA is kBT/A = 0.08 pN. This is a rather low force by molecular
biological standards: most molecular motors use chemical energy of a few
kBT to take steps of a few nm in length, so that the scale for molecu-
lar motor forces is on the scale of a few pN. The low value of kBT/A is
due to the long persistence length of the double helix (A = 50 nm). In
contrast single-stranded nucleic acid molecules have a much shorter persis-
tence length (≈ 1 nm) and consequently do require few-pN forces for their
full extension [1]. Thus, double-helix DNAs can be easily stretched out to
their full extension by molecular motors in the cell; single-stranded DNA
(or RNA, or denatured proteins) require larger forces to be stretched out.

The semiflexible polymer model has been shown to give a good account
of the stretching properties of multi-kilobase DNAs from forces of below 0.1
pN up to roughly 20 pN [2, 3, 5]. For higher forces the secondary structure
of the double helix starts to be deformed [4, 5], eventually leading to an
abrupt first-order-like “overstretching” transition whereby the double helix
contour length increases by about 70% [30, 31].

The statistical mechanics of the semiflexible polymer model can be
solved to arbitrary accuracy numerically; the asymptotic high- and low-
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force limits are understood analytically [5]. The global variation of the
force f as a function of extension X is captured well by the expression

f =
kBT

A

[

X

L
+

1

4(1 − X/L)2
−

1

4

]

(2.1)

where L is the total molecule contour length (recall that there are 0.34 nm
of contour length per base pair, so that a 10 kb molecule is about 3000
nm = 3 µm in contour length). Eq. 2.1 has the correct low-extension
(X/L << 1) linear elasticity response. For high extensions (X/L → 1) the
force increases drastically due to an increasing entropic cost of quenching
thermal bending fluctuations with progressively smaller wavelengths. An
even more accurate approximate representation of the exact solution is
obtained by adding a term −(3/4)(X/L)2 inside the square brackets [32],
eliminating any low-extension X2 dependence which should be absent via
symmetry considerations [11].

The integral of force over extension, or W (X) =
∫ X

0
dX ′f(X ′), gives

the work done stretching a DNA at constant temperature or the free energy
for the semiflexible polymer as a function of extension [11]. In what follows
the free energy at fixed force is needed, which is obtained via the Legendre
transformation g(f) = fX − W (X); the extension X is eliminated using
the inverse of (2.1) [11]. The leading behavior of g(f) and the average
extension X = ∂g/∂f behaves asymptotically for high force as

g(f) = f −
√

kBTf/A + · · ·
(2.2)

X(f) = 1 −

√

kBT

4Af
+ · · ·

For the DNA double helix, these leading terms are sufficient for situations
where forces are between 0.2 pN and 10 pN, which applies over much of
the force range for single-DNA stretching experiments. To describe slightly
higher forces up to 40 pN, linear contour length stretching elasticity may
be added [4, 11].

2.2. Twisting stiffness of the double helix. If one could twist a
DNA molecule without bending it, one could measure the work required to
introduce a total twist by an angle Θ, or the twisting free energy. In the
absence of bending, Θ would correspond to the change in linking number
of the double helix (number of wraps of one strand around the other), via
∆Lk = Θ/2π. Molecular biologists often describe linking number changes
normalized by the linking number of the relaxed double helix, Lk0 = L/h
where the helix repeat is h = 3.6 nm = 10.5 bp: σ = ∆Lk/Lk0. In the
bacterium E. coli, it is known that circular plasmid and chromosomal DNAs
have σ ≈ −0.05, i.e., their DNAs have about 5% fewer links than would
be expected from their contour length.
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For small pure twists, the energy per contour length is expected by
symmetry [10] to be that of a twisted elastic rod [33]:

Etwist(σ)

L
=

kBTC

2

(

2π∆Lk

L

)2

=
kBTCω0

2

2
σ2 (2.3)

where C is the twist persistence length of DNA (so that kBTC is the twist
rigidity elastic constant [33]), and where ω0 = 2π/h = 1.85 nm−1 is the
spatial rate of circulation of the relaxed double helix.

This form of simple twist energy has been shown to apply to DNA for
small linking number changes in direct micromechanical measurements as
well as in biochemical studies. However, precise measurement of the twist
rigidity C of the double helix has proven to be problematic, with different
types of experiments yielding different results [34]. Even among single-
molecule mechanical experiments there have been disagreements between
different analyses of experimental data [35].

A cause of difficulty in determining C precisely has been that experi-
ments where DNA is twisted are always subject to chiral bending effects.
First, even for small amounts of twisting, chiral bending fluctuations cause
a shift (or “renormalization”) of the apparent twist rigidity; the energetic
cost of twisting the double helix can be reduced by chiral bending fluctua-
tions [36, 37]. A second complication is that for larger amounts of twisting,
plectonemic supercoiling of DNA generates a large amount of writhe which
further reduces the twist energy cost of adding linking number [11].

A third problem is that DNA tends to be more easily denatured by
untwisting than by overtwisting due to its right-handed helix chirality, and
also that twisting is directly coupled to changes in DNA helix contour
length [38–41]. This effect, which becomes more important as force is in-
creased, further complicates comparison of experiments done with opposite
signs of σ, as well as fits to microscopic elastic theories which often do not
account for chiral asymmetry and denaturation effects. Despite all these
challenges, there is a rough consensus between single-DNA experiments in
the few-pN ranges that the “bare” twist rigidity of DNA at forces below a
few pN is in the range C = 95 ± 20 nm [36, 37, 24, 35, 16].

3. Supercoiling and torque in stretched twisted DNA. A gen-
eral framework is now described, aimed at describing micromechanical ex-
periments on single DNAs, taking into account effects of “coexistence” of
domains of DNA in different conformations. The main application dis-
cussed in this section is to coexistence of plectonemic supercoils and ex-
tended DNA. The calculations here are similar to those discussed in more
detail in a recent paper [27]. Here, new results will be presented for the
effect of anharmonicity in the plectonemic supercoiling free energy on DNA
extension obtained as a function of force and linking number.

3.1. Coexistence of DNA states. If a DNA molecule is stretched
by force f , its free energy and structure change as its linking number density
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σ is changed. Here, the DNA molecule is treated as being divided into
domains of two “pure” states, each of which is described by a free energy
per molecular length, dependent on applied force f and the linking number
density σ. As the forces on the two domains are equal, the focus will be
on the σ dependences of the two states, which in most of this paper will
describe “stretched” and “plectonemic” DNA [10, 11, 14, 13, 15, 16].

The free energies per length of the pure states are taken to be S(σ)
for stretched and P(σ) for plectonemic DNA. From a statistical-mechanical
perspective, these free energies are −kBT times the logarithm of the par-
tition function for the molecule at fixed force and linking number, divided
by the relaxed double helix contour length; note that all the free energies
per length can be converted to free energies per base pair by multiplying
by 0.34 nm/bp. For these pure states, the rate that work is done injecting
linking number is proportional to torque:

τ =
1

ω0

∂S(σ)

∂σ
. (3.1)

The prefactor converts the σ derivative to one with respect to rotation
angle; a similar equation holds for the P state.

Along a molecule which is a fraction xs of state S and fraction xp =
1 − xs of state P , the free energy per base pair of the mixed phase is

F(σ) = xsS(σs) + xpP(σp). (3.2)

The equilibrium length fraction xs and the free energy is determined by
minimization of this free energy subject to the constraint σ = xσs + xpσp.

This last equation indicates that linking number is being partitioned

between the two states. This must be justified, since while twist is locally
defined, in general writhe cannot be considered as a local variable that can
be partitioned in this way. At the workshop, Craig Benham emphasized
this point.

However, in the case of interest here, the plectonemic regions are es-
sentially closed loops (see Fig. 1). By “pinching” of those loops off to form
circular plectonemic supercoils separated from the extended DNA, the cal-
culation of writhe can be decoupled into separate writhes for extended and
plectonemic regions. The “cross terms” ignored by this decoupling corre-
spond to the Gauss linking invariant of the plectonemic regions with one
another and with the extended DNA, all of which are zero. The entire chain
is an unknot, guaranteeing that this pinching-off decoupling can always be
done, but this also indicates that the physically relevant case of unknotted
and self-avoiding DNA must be considered. For a “phantom DNA” model
lacking the unknot topology constraint, nontrivial knotting of the chain
could cause this partitioning to break down [12]. At the workshop de Witt
Sumners described a sketch of a proof of the additivity of linking num-
bers of extended and plectonemic regions in this experimentally relevant
unknot case.
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Fig. 2. Free energies of extended (dot-dashed curve, S(σ)) and plectonemic super-
coil (dashed curve, P(σ)) DNA states as a function of linking number σ. For σ < σs,
the S state is lower in free energy than either P or any mixture of the two. Similarly,
for σ > σp, pure P is the lowest-free energy configuration. However, for σ between
σs and σp the tangent construction shown (solid line segment between tangent points
indicated by stars), representing coexisting domains of S(σs) and P(σp), is the lowest
free energy state. Note that the gap between the two states at σ = 0 is the free energy
difference between random coil DNA [S(0)] and stretched unsupercoiled DNA [P(0)];
this difference grows with applied force.

If the two pure state free energy densities plotted as a function of
linking number density never cross, then one pure state or the other will
be the equilibrium state, i.e., one of the two extreme cases xs = 0 or
xs = 1 will always minimize Eq. 3.2. However, if the two free energy
densities cross, then there will be a range of σ over which there will be
coexisting domains of the two states. Fig. 2 shows this situation, sketched
to correspond to the case of main interest here, where at low values of σ the
stretched state is stable (lower in free energy) relative to the plectoneme
state, but where at large σ the stability reverses due to “screening” of the
twist energy by the plectonemic state’s writhe [10, 11, 14, 15].

Minimization of Eq. 3.2 is accomplished by a double-tangent con-
struction familiar from other examples of phase coexistence (e.g., liquid-
gas); in this case the conserved density is that of linking number (Fig. 2).
The two coexisting states of linking number densities σs and σp satisfy
∂S(σs)/∂σs = ∂P(σs)/∂σp, i.e., they have equal torques. They mix in
proportions xs and xp, so the free energy in the coexistence region is
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F(σ) = S(σ) +
∂S(σs)

∂σs

(σ − σs) = P(σ) +
∂P(σp)

∂σp

(σ − σp). (3.3)

In the coexistence region, the fractions of the two states in the mixed state
depend linearly on σ, as

xs =
σp − σ

σp − σs

xp =
σ − σs

σp − σs

. (3.4)

The coexistence construction guarantees that the free energy is a con-
vex function of linking number, and therefore that the torque is a monotonic
function of linking number, as required for mechanical stability. In the co-
existence region (σ between the limits σs and σp) the torques in the two
types of domains are equal and σ-independent; i.e., the σ-derivative of Eq.
3.3 is constant.

In the coexistence region Eq. 3.4 indicates that the rate of change of
the length fractions with σ is constant; ∂xs/∂σ = −1/(σp − σs). This gen-
erates the linear dependence of molecule extension on linking number ob-
served experimentally once the threshold for generating plectonemic DNA
is reached, as can be seen by computing the molecule extension (as a frac-
tion of relaxed double helix contour length L):

z

L
= −

∂F

∂f
= −xs

∂S(σs)

∂f
− xp

∂P(σp)

∂f
. (3.5)

In the coexistence region, the only σ dependence is the linear variation of
xs and xp, making the dependence of extension on σ entirely linear.

In the main case of interest here where P is the plectonemic supercoil
state, its zero length eliminates its contribution to Eq. 3.5 ( i.e., ∂P/∂f =
0), yielding

z

L
= −xs

∂S(σs)

∂f
=

σp − σ

σp − σs

z(σs)

L
(3.6)

where the final extension per length factor is the extension per length of
the extended DNA state.

Experimentally, σs and σp may be measured from the beginning and
the end of the linear coexistence regime of extension as a function of σ.
Likewise, z(σs)/L is the extension per length of the molecule at the onset
of the linear regime. Thus Eq. 3.6 can be used to determine the coexisting
state linking number values, the extension of the stretched DNA state
as a function of force and linking number, and via integration the free
energy of the stretched state. Then through use of the tangent construction
(Fig. 2), the free energy of the plectonemic state can be measured. Note
that when the molecule is entirely converted to plectoneme (xs = 0, xp = 0)
the extension reaches zero. The point σ = σp where this occurs can be
estimated experimentally from extrapolation of extension data to zero.
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3.2. Free energy of extended twisted DNA. The previous sub-
section outlines the basic scheme of calculation of equilibrium domain co-
existence along a stretched and supercoiled DNA, but to calculate a exper-
imentally relevant result, explicit forms for the extended and plectonemic
state free energies are needed. Fortunately, suitable formulae based on
statistical-mechanical treatments of microscopic models are available.

For a DNA under torsional stress there occur chiral fluctuations even
when the chain is fully extended [10, 11, 36, 37]. The free energy of the
extended DNA at a fixed force f can be written as an expansion in σ
[36, 37, 15]:

S(σ) = −g +
cs

2
σ2 + · · · (3.7)

The leading constant g is the free energy of stretched torsionally uncon-
strained DNA of Eq. 2.2. The parameter cs is the twist stiffness of the
extended DNA state and can be measured from the curvature of the exten-
sion as a function of σ near its maximum. Note that cs has been defined
to have dimensions of energy per length, the same as that of g and force f .

The first two terms of the expansion of Eq. 3.7 are sufficient to illus-
trate the basic properties of state coexistence in a quantitative way. As for
the plectonemic state, higher-order terms can be added (e.g. σ3 to generate
positive-negative twisting asymmetry). The most general expansion would
replace σ with σ − σ0 in Eq. 3.7 where this additional force-dependent σ0

parameter sets the linking number at which the double helix is relaxed.
Variation of σ0 with force takes into account the stretch-twist coupling.
However, for the relatively low forces of interest here (a few pN) this cou-
pling has only weak effects and may be neglected (i.e., σ0 ≈ 0). In any
case, σ0 for a given force is determined by finding the σ value at which a
local maximum of extension is obtained. Here, σ0 = 0 is assumed for the
S state.

Although cs could be determined directly from experimental data, a
theoretical formula does exist based on a large-force perturbative calcula-
tion for the semiflexible polymer with harmonic twist rigidity by Moroz
and Nelson [36, 37]:

cs = kBTω2
0C

[

1 −
C

4A

(

kBT

Af

)1/2
]

. (3.8)

The main effect introduced by this theoretical formula for cs is a force-
dependence of the twisting rigidity. Reducing force reduces cs since more
linking number can be absorbed into writhe fluctuations at lower forces
[36, 37].

3.3. Free energy of plectonemically supercoiled DNA. A plec-
tonemic supercoil has essentially no extension between its ends, and there-
fore its free energy has no force dependence (a nonzero force derivative
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would indicate that it has finite extension). In addition, the bare twist
energy (2.3) is heavily screened by the large writhing generated by the
supercoil [10, 11]. Given its minimum at σ = 0, the free energy for the
plectoneme must have the form

P(σ) =
p

2
σ2 + · · · (3.9)

The parameter p describes the twist stiffness of the plectonemic state, and
like cs and g has dimensions of a force. The stiffness p can be converted to a
persistence-like quantity via p = kBTPω2

0; P represents the effective twist
persistence length of the plectonemic state, accounting for the screening of
the bare twist energy (2.3) by the strong writhe of the plectoneme. This
screening effect indicates that P < C; available data indicate P ≈ 25 nm
[42] for ≈ 100 mM univalent salt in pH 7.5 buffer solution (alternately
p ≡ kBTPω2

0).

The stiffness P varies with salt concentration, since that in turn adjusts
the effective diameter of the double helix; for higher salt, P is reduced, while
for lower salt P increases. This effect arises because the bending energy in
a plectonemic superhelix is reduced when the effective diameter is reduced.
The torque of the P state is, by Eq. 3.1, τ = (p/ω0)σ = kBTPω0σ.

In Sec. 3.4 only the first, quadratic term of (3.9) is used, which is a
reasonable model for |σ| < 0.05, as it allows analytical calculation of all
the domain coexistence properties, as well as providing a semi-quantitative
description of experiment. However, biochemically it has long been known
that anharmonic corrections are present [43]; for large |σ| where plectone-
mic interwinding becomes tight, one can expect appreciable deviations from
quadratic behavior. Sec. 4 will show how anharmonicity in (3.9) can mod-
ify the extension vs. linking number behavior.

3.4. Analytical results for the harmonic-σ state free ener-

gies. With the O(σ2) expressions for plectonemic and extended DNA free
energies, the state coexistence behavior at constant force f can be com-
puted following the procedure outlined in Sec. 3.1. The mixed-state free
energy is

F = xs

(

−g +
csσ

2
s

2

)

+ xp

pσ2
p

2
. (3.10)

Details of the calculation of the equilibrium mixed state can be found in
Ref. [27]. This amounts to elimination of σp and xp from (3.10) using
xs + xp = 1 and σ = xsσs + xpσp, followed by minimization to determine
the remaining free parameters σs and xs.

The coexisting state linking number densities for this harmonic model
work out to be:
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Fig. 3. Extension versus linking number, for forces 0.25 pN (lowest curve), 0.5 pN,
1.0 pN and 2.0 pN (highest curve), for positive linking number change (σ > 0). As force
is increased, the extension increases, and the effect of torsional stress (linking number)
is reduced. Parameter values are C = 95 nm, A = 50 nm, P = 24 nm. The parabolic
peak of each extension curve occurs when the DNA is pure extended state; extended and
plectonemic DNA are in coexistence on the linear part of each extension curve. The
beginning of the linear segments indicates σs, and their σ-intercepts indicate σp.

|σs| =
1

cs

(

2pg

1 − p/cs

)1/2

|σp| =
1

p

(

2pg

1 − p/cs

)1/2

. (3.11)

Since σs can be determined from experimental data by determining where
the linear (coexistence) regime begins, and since the slope dxs/dσ is sim-
ilarly determined from experimental data, and finally since g is indepen-
dently well known, it is possible to determine the stiffnesses cs and p.
This would amount to a measurement of the free energy of extended and
plectonemic DNA in a way relatively independent of details of specific mi-
croscopic theories.

Fig. 3 shows extension versus linking number for this model via (3.5)
and (3.6). The curves are computed for f = 0.25 pN (lowest curve), 0.5 pN,
1.0 pN and 2.0 pN (highest curve). The stiffnesses used were A = 50 nm,
C = 95 nm and P = 24 nm. The parabolic peak at the top of each curve
is the region of pure extended DNA. This joins to a linear coexistence
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segment which stretches between σs and σp, the latter being the point
where extension reaches zero. The curves have the characteristic “hat”
shape seen experimentally [9].

The equilibrium free energy is easily computed as a function of force
and linking number:

F =























−g +
1

2
csσ

2 |σ| < |σs|

−g/(1 − p/cs) + [2pg/(1 − p/cs)]
1/2|σ| |σs| < |σ| < |σp|

1

2
pσ2 |σ| > |σp|

. (3.12)

In the coexistence region, the linear dependence of the free energy on σ
indicates that torque (τ = ω−1

0 ∂F/∂σ) is a constant. The molecule exten-
sion (X/L = ∂F/∂f) varies linearly with σ in the coexistence region, as
anticipated in (3.5).

3.5. DNA torque and its force dependence for the harmonic

model. Eq. 3.11 gives the torque, via Eq. 3.1 and either of the pure state
free energies Eq. 3.9 or Eq. 3.7:

τ =











(cs/ω0)σ |σ| < |σs|

(2pg/[1− p/cs])
1/2/ω0 |σs| < |σ| < |σp|

(p/ω0)σ |σ| > |σp|

. (3.13)

For constant force, as |σ| is increased from zero, the equilibrium state is
first pure extended DNA, with torque growing linearly with |σ|. Then at
σ = σs, the coexistence point is reached, and until σ = σp the torque is
constant. Finally for |σ| > |σp|, the entire DNA is plectonemic supercoil,
and again the torque changes with |σ| but at a reduced rate (recall P < Cs)
due to the efficient removal of twist by the large plectonemic writhe.

The middle line of Eq. 3.13 is a main result of this calculation, as it
gives the dependence of the coexisting state torque on force:

τ =

√

2kBTPg

1 − P/Cs

. (3.14)

This formula is written in terms of the twist persistence length of the
plectoneme (P ) and of the extended state Cs = C[1−(C/4A)(kBT/Af)1/2]
(note P/Cs = p/cs).

The force-dependence of the torque enters mainly through the ex-
tended state free energy g = f − (kBTf/A)1/2 ≈ f in the numerator.
However, note that the twist persistence length of the extended state Cs

increases with increasing force.
The simplest application of Eq. 3.14 is estimating torques in situations

where one is in the coexistence range of σ and where one knows the force.
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This is commonly the case in magnetic tweezer experiments where force and
linking number are both fixed by the position of a macroscopic magnet
[9]. An elegant example of use of this is the constant-torque driving of
rotational relaxation of DNA [21]. One must be in the coexistence range
of σ in order to have this constant torque; below σs, the torque will drop
below the coexistence value, and above σp the torque will increase with |σ|.

It is useful to consider the situation of fixed σ and varied force.
This is experimentally accessible using various micromanipulation schemes,
including magnetic tweezers as long as the force is not reduced to so low
a value that linking number can leak away by having the DNA hop over
the bead.

Imagine holding σ fixed at a value sufficient to form plectonemic su-
percoils at a low force, and then slowly increase f . At low forces, the entire
molecule will remain supercoiled (with constant torque τp = kBTPω0σ
until the force reaches a threshold value fp, i.e., until the work done by
the external force can overcome the plectoneme’s “length binding energy”
[10, 11]. This effect can be analyzed by solving for the force fp where
xs = 0, which leads to

g(fp) =
p[1 − p/cs]

2
σ2. (3.15)

The point g(fp) is the minimum extended state free energy (essentially
force) needed to start extending the plectonemic DNA. The fp that solves
this equation is the tension inside a plectonemically supercoiled DNA, and
for physiological levels of supercoiling (σ = −0.05) this force is ≈ 0.5 pN.

As force increases further the torque will increase as linking number
is shifted increasingly from plectoneme to extended DNA, and the torque
will be described by Eq. 3.14. In the coexistence range the torque will be
independent of σ.

Finally, when sufficient force fs is applied, the plectonemic domains
will be destroyed; fs can be found by solving for when xs = 1:

g(fs) =
cs − p

2
σ2. (3.16)

The torque at this point will be τs = (cs/ω0)σ. As force is increased
further, the small amount of linking number remaining will be forced into
DNA twist, gradually forcing the molecule torque towards its limit of τ =
kBTCω0σ.

Fig. 4 plots torque versus force for σ = 0.03, 0.04, 0.05 and 0.06
using the same stiffnesses as used in Fig. 3 (C = 95 nm, A = 50 nm,
P = 24 nm). The torque starts at a constant (horizontal segments to
left; lowest corresponds to σ = 0.03; highest to σ = 0.06). Then, the
torque starts to increase when extended DNA starts to be created at fp.
In the coexistence regime, the torque does not depend on σ, so all the
curves overlap. When fs is reached, the torque curves separate again,
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Fig. 4. Torque versus force curve for coexisting state densities corresponding to
fixed σ = +0.03, 0.04, 0.05 and 0.06, with other parameters as in Fig. 2. For forces
below the lower critical forces fp where the extended DNA state disappears (horizontal
line segments at left of graph), torque is constant. Above the upper critical force fs

where the plectonemic DNA disappears, the torque slowly approaches its maximum value
(c/ω0)σ (nearly flat regions to right). Between fp and fs, the torque follows the same
curve for each σ value (concave part of curve). Dashed curve shows (2kBTAf)1/2 for
comparison.

and then torque only slowly increases with further force increase (nearly
horizontal curves to right). These results have been shown to be in good
agreement with a numerical calculation of torque in stretched twisted DNA
[27] computed using a previously developed Monte Carlo computation [12].

It is worth noting that the torque in the coexistence range of σ (3.14)
is not equal to τ = (2kBTAf)1/2 where A is the bending persistence length,
as has been suggested in Refs. [8, 9, 21]. This formula is reminiscent of that
for the critical torque for the linear instability of buckling of a rod under
tension f from classical elasticity theory, (4kBTAf)1/2 [46, 36, 37, 15], but
with the factor of 4 replaced by a 2. The derivation of the formula with the
2 uses an approximate calculation [9] based on mechanical energy without
including effects of thermal fluctuations.

The formula τ = (2kBTAf)1/2 (dashed curve in Fig. 4) overestimates
the torque calculated above, Eq. 3.14, by roughly 25%. Given the accu-
racy of single-DNA micromechanical measurements plus the consequences
of this overestimate for other measurements e.g., energy landscape parame-
ters for topoisomerases [21], this discrepancy is significant. Experimentally,
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Fig. 5. Extension vs. linking number σ for DNA at constant forces, including
denaturation effects. Results are shown for forces of 0.5 pN (lowest curve), 1 pN, 2
pN, 5 pN and 10 pN (highest curve), using A = 50 nm, C = 95 nm, P = 24 nm,
plus description of denaturation as described in Ref. [27]. For 0.5 pN the extension is
symmetric under sign change of σ, due to coexistence occurring between extended and
plectonemically supercoiled DNA states, which have this symmetry. However, for forces
of 1 pN, 2 pN and 5 pN, coexistence occurs between extended and plectonemic DNA for
σ > 0, but between extended and denatured DNA for σ < 0, exhibiting a strong breaking
of σ → −σ symmetry. Finally for 10 pN, denaturation occurs for both positive and
negative σ.

the DNA torque, being dependent on the free energies of the coexisting
phases, can be expected to depend on factors which shift around those
free energies, notably solution ionic conditions. The torque could be esti-
mated in a model-independent way, using cs and g extracted directly from
experimental data.

3.6. Negative supercoiling and DNA denaturation. The results
given in this section are most applicable to positively supercoiled DNA
(σ > 0) where DNA remains in double-helix form for forces up to ≈ 10 pN.
For σ < 0 the situation is quite different; negative supercoiling of drives
denaturation rather readily, leading to ranges with σ < 0 where extension
is nearly constant. Denaturation also occurs for positive supercoiling, but
only for more extreme values of σ [49]. This behavior is straightforward
to describe via the framework presented above, by introducing additional
pure states corresponding to denatured (strand-separated) DNA [47].
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Fig. 6. Force-linking number phase diagram showing transitions between extended
double helix (B), plectonemically supercoiled B-DNA (sc), underwound denatured DNA
(D-) and overwound denatured DNA (D+). Regions labeled by two pure phases (e.g.,
“B & sc”) represent two-phase coexistence regions; thick curves indicate transitions
between pure-state and mixed-state regions. The horizontal thin lines are lines of three-
state coexistence.

DNA which has been denatured by unwinding has a short persistence
length, and has a large negative value of linking number corresponding to
the σ ≈ −1 necessary to unwind the double helix. In addition, denatured
DNA has a free energy shifted up relative to that of the base-paired DNA
double helix, by a sequence-averaged amount of about 2.5kBT /bp [48].
These effects are discussed in some detail in Ref. [27], including showing
comparisons with experimental extension data.

Fig. 5 shows extension versus linking number combining the extended
and plectonemic states with denatured states. For σ > 0, coexistence
of extended and plectonemically supercoiled DNA occurs as before, but
for σ < 0, denatured underwound-melted states preempt the plectonemic
state, leading to nearly constant extension with linking number. The nearly
constant variation of extension with σ once denaturation begins to occur
is mainly a consequence of the small amount of the large change of link-
ing number associated with denaturation (complete separation of the DNA
strands corresponds σ = −1) combined with the high extensibility of de-
natured DNA (the DNA backbones can be extended about a factor of two
by unwinding them).
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By tabulating the linking numbers at which the various transitions
occur, one can construct a force-linking number “phase diagram” (Fig. 6).
Since linking number is partitioned between coexisting states, this phase
diagram contains “pure state” and “mixed state” regions. In the two-
state coexistence regions, torque is constant, and extension varies linearly
with σ. Fig. 6 also contains lines on which three states coexist; the most
experimentally accessible of these is the boundary where regions of coex-
isting extended B-DNA and plectonemic supercoiled DNA (“B & sc” in
Fig. 6) and regions of coexisting B-DNA and denatured underwound DNA
(“B & D-”) meet. Notably, there are also regions of denatured overwound
DNA, corresponding to the “P-DNA” state observed by Allemand et al.

[49]. Ref. [27] presented the corresponding phase diagram plotted in the
force-torque plane.

4. Effect of plectonemic free energy anharmonicity on exten-

sion of twisted DNA. The harmonic (quadratic-σ) model of Sec. 3.4 has
the virtues of being simple and analytically solvable, while still describing
experimental data reasonably well [27]. It does suffer from limitations,
for example a lack of any accounting for effects of DNA sequence, known
to profoundly affect stress-driven DNA denaturation [50]. Also, the ba-
sic scheme introduced in Sec. 3.1 whereby two coexisting domains are
considered additively could be generalized to include a thermally excited
spectrum of “droplets” of the two pure states, along the lines of calculations
presented in Ref. [51]. These particular improvements will not be discussed
further here.

A limitation of the theory of Sec. 3.4 that will be examined here is
the effect of truncation of the pure state free energies at order σ2. Trun-
cation of the extended state free energy (3.7) at this order does not intro-
duce large errors, since the extended state linking number (for σ > 0) is
less than σs, the point where plectoneme-extended coexistence begins, and
σs remains relatively small. Consistently, experimental data in the pure-
extended regime (σ < σs) is well-fit by the extension function resulting
from truncation at σ2, for forces > 0.2 pN. For larger forces (> 0.5 pN)
bending fluctuations in the extended state are suppressed, making the σ2

term even more dominant over higher-order terms [36] (see Eq. 3.8).

The situation is exactly the opposite for the plectonemic state: the
coexistence model indicates that the linking number in the plectonemic
domains is never less than σp (for σ > 0). Consequently σp is often large:
for moderate forces (e.g. 2 pN) σp ≈ 0.1 (the boundary between “sc &
B” and “sc” in Fig. 6). While the free energy of plectonemic DNA is well
described by the initial σ2 dependence for σ < 0.05 [43, 42, 44, 45], for large
σ one expects tight interwinding to generate a strong upturn in free energy
[11]. It is important to consider the effects of addition of higher-order-σ
contributions to (3.9).
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Fig. 7. Harmonic and anharmonic plectonemic free energies. Dashed curve shows
purely harmonic plectonemic free energy with P = 24 nm. Solid curve shows anhar-
monic plectoneme free energy with the same quadratic stiffness P = 24 nm (recall
p = kBTPω2

0) but with nonlinear terms t = −800kBT/nm, and q = 9000kBT/nm.
The anharmonic free energy has the same initial curvature, but then is softer than the
harmonic free energy for intermediate values of σ. For large σ the quartic term makes
the anharmonic free energy become greater than the harmonic free energy, providing a
model for the breakdown of writhe increase for tight wrapping.

Here anharmonic cubic- and quartic-σ terms are added to (3.9):

P(σ) =
p

2
σ2 +

t

3
σ3 +

q

4
σ4. (4.1)

This general expansion permits one to have an initial quadratic behavior as
required by symmetry, to have a softening of that initial stiffness (t < 0) as
expected theoretically [42, 11], and then to have an upturn in free energy
for σ ≈ 0.1 from tight wrapping (Fig. 7).

The free energy model with this addition is

F = xs

(

−g +
csσ

2
s

2

)

+ xp

(

p

2
σ2

p +
t

3
σ3

p +
q

4
σ4

p

)

. (4.2)

This is just (3.10) with cubic and quartic terms added to P(σp). Mini-
mization of this free energy proceeds exactly as in Sec. 3.1 with the change
that the calculation cannot be completed in closed form, but can easily be
done numerically.
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Fig. 8. Extension vs. linking number curves for model of the text, with cubic and
quartic term included in the plectoneme free energy. Parameters used are A = 50 nm,
C = 95 nm, P = 24 nm, t = −800 kBT/nm, and q = 9000 kBT/nm (plectoneme
parameters are as in the solid curve of Fig. 7). Curves are plotted for forces of 0.25
(lowest curve), 0.5, 1 and 2 pN (highest curve). These curves should be compared with
those of Fig. 3 (see text).

Fig. 8 shows the results of the anharmonic-P model for extension vs.

linking number, for the same series of forces (f = 0.25, 0.5, 1 and 2 pN)
and extended-state parameters (A = 50 nm, C = 95 nm) used in Fig. 3.
The only difference between the calculation leading to Fig. 3 and that
leading to Fig. 8 is that for the latter, cubic and quartic terms (t = −800
kBT/nm, q = 9000 kBT/nm) corresponding to the solid curve of Fig. 7
have been included. The large numerical values of t and q reflect the fact
that the scale for σ is ≈ 0.05.

Comparing Fig. 3 and Fig. 8, the effect of the anharmonic terms in
P is clear. The cubic softening of the plectoneme free energy leads to an
increase in the value of σp for smaller forces, while the quartic stiffening at
larger σ retards the increase of σp for larger forces. The result is that the
successive extended-plectoneme coexistence curves of Fig. 8 are compressed
together, and are more parallel than the rather more splayed ones of Fig. 3.
At the same time, the behavior of σs(f) is only mildly affected. Preliminary
consideration of available experimental data (see, e.g., left panel of Fig. 3
in Ref. [16]) indicates that this effect will be important to making the
theory quantitatively describe experiment.
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Fits of experimental data sets to the theory are still in preparation
at the time of this writing, but will be published elsewhere in the near
future. It appears likely that this model will be able to arrive at not just
values of DNA elastic constants, but will provide insight into the variation
of plectonemic supercoil free energy over a wider range of linking number
than is accessible using conventional biochemical measurements.

5. Extrusion of a cruciform from twisted and stretched DNA.

During the workshop, Vincent Croquette discussed experiments whereby
special-sequence DNA molecules containing long palindromic repeats were
subjected to twisting and pulling [52]. These molecules are able to respond
to their underwinding in a way which is not usual for random-sequence
DNA, by forming “cruciform” structures, where a region of the palindromic
sequence strand-separates, and then where each strand is “extruded” as a
hairpin-like double-helical arm. Croquette described how this arrangement
may be used to measure the linking number of relaxed DNA, by measuring
the length change of the extended region of the DNA per turn introduced,
after the cruciform region starts to form. Since a region of DNA must
be strand-separated to form the cruciform, this is driven by DNA under-
winding (σ < 0). Croquette and co-workers have shown how this type of
molecule may be used to carry out a novel measurement of the helix repeat
of relaxed DNA in solution [52].

This situation can also be attacked using the methods presented above,
allowing corrections for thermal fluctuations to be calculated. Suppose that
a fraction xs of our molecule is in extended (stretched and twisted) form,
while the remaining fraction xc = 1−xs forms the two hairpin arms. Since
the extruded arms are not under any torque or tension, and since they are
reconstructed into stretches of double helix, their free energy can be taken
to be that of unperturbed double helix, or zero. Thus the free energy of
the whole molecule is just that of the extended region:

F(σ) = xsS(σs). (5.1)

Since the cruciform arms are entirely unlinked from one another, the linking
number of the cruciform region is σc = −1, and since xsσs + xcσc = σ,
σs = (1 + σ − xs)/xs. Plugging this into the extended state free energy
(3.7) gives

F(σ) = −xsg +
cs

2

(σ + 1 − xs)
2

xs

. (5.2)

The equilibrium value of xs is obtained by minimization of (5.2):

xs =

{

1 σ > σc

(1 + σ)/
√

1 − 2g/cs σ < σc
(5.3)

where the critical linking number for cruciform extrusion is σc = −1 +
√

1 − 2g/cs. As expected, the critical linking number is negative.
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Recall that g is the free energy per length of untwisted stretched DNA,
while cs is the effective twisting stiffness of extended twisted DNA, and that
both are essentially known functions of force. For most cases of interest,
g/cs << 1; for typical forces in the piconewton range, g ≈ kBT/nm, while
cs > 100kBT/nm. Expansions in g/cs are therefore useful to simplify some
of the algebra, as in

√

1 − 2g/cs ≈ g/cs. For example, in this approximation
σc ≈ −g/cs.

Putting the result (5.3) into (5.2) allows us to calculate the total free
energy of the extended-cruciform structure (σ < σc):

F(σ) = (1 + σ)cs

[

√

1 − 2g/cs − 1
]

≈ −(1 + σ)g (5.4)

where the final, approximate term is the leading order in expansion in g/cs.
The linearity in σ indicates that the torque during cruciform formation is
constant:

τ =
1

ω0

∂F

∂σ
=

cs

ω0

[

√

1 − 2g/cs − 1
]

≈ −
g

ω0

. (5.5)

Notably, the effect of the twist modulus cancels out of the O(g/cs) re-
sult, leaving a dependence of the critical torque for cruciform formation on
only the stretching free energy, and on the relaxed B-DNA helix parameter
ω0. This could be used to provide a torque standard in the kBT range since
both g and ω0 are rather well known (g ≈ f ≈ kBT/nm, ω0 ≈ 1.85 nm−1).
A series of measurements at different forces could therefore be used for a
rather precise measurement of cs(f) in the extended state free energy (3.7).

The extension follows as

X

L
= −

∂F

∂f
≈ (1 + σ)

∂g

∂f
(5.6)

where only the leading term in expansion in g/cs is retained for simplic-
ity. Note that the final derivative ∂g/∂f is just the extension per contour
length of untwisted DNA, and therefore that during extended-cruciform
coexistence,

X(f, σ)

X(f, 0)
≈ 1 + σ = 1 +

Lk

Lk0

. (5.7)

This leading term of the expansion in g/cs is essentially Eq. (1) of Ref. [52].
Since the linking number can be counted precisely in terms of magnet turns,
the extension change per turn during cruciform formation can therefore be
used to measure Lk0, the relaxed linking number of DNA or equivalently
the helix repeat of DNA, in solution [52]. The approach presented here
provides a thermodynamic derivation which provides corrections due to
thermal fluctuations to the analysis in Ref. [52] presented by Vincent
Croquette at the workshop.
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One thing that has been omitted in this “intensive” thermodynamic
treatment of cruciform formation is the finite free energy cost associated
with creating the cruciform; this could be included in the model by adding
a constant “core energy” for the cruciform defect to (5.2). Care should be
taken with the free energy in this case since it must then be compared to
the free energy for pure extended DNA without this core energy present.
Extensive pure state free energies should be used since the core energy is
a boundary term of O(kBT ), scaling differently from the total polymer
free energy O(kBTL/ξ) where ξ is a length comparable to the persistence
length. Including this would allow the barrier necessary for cruciform for-
mation to be included in the resulting theory.

6. Conclusion. This paper has reviewed the theory [11, 27] for the
elasticity of single twisted DNA molecules, aimed at describing single-DNA
micromanipulation experiments. The shape of the extension-linking num-
ber curves is characterized by two regimes, a parabolic small-|σ| “peak”,
and for larger |σ, linear “wings”. The model discussed in this paper sup-
poses that the peak is “pure” extended DNA, while the wings correspond
to “phase coexistence” of an extended state and interwound plectonemic
supercoiling [10, 11].

While the language of first-order phase transitions is used in this the-
ory, formally there can be no true phase transitions in real experiments
on finite-length one-dimensional molecules. However, due to relatively
short thermal correlation lengths and appreciable cooperativity, the transi-
tions seen experimentally are remarkably sharp and well described by what
amounts to a mean-field theory of first-order transitions.

As discussed in more detail elsewhere [27] this theory gives a good
account of experiments where DNA is twisted and pulled [16, 6, 9], and is
easily extended to include effects of stress-driven DNA “melting” (strand
separation). This paper has reviewed the theory and has presented new re-
sults for effects of anharmonicity in the plectoneme free energy, and for the
free energy balance during stress-induced formation of cruciform structures
in palindromic DNA.

At this point there remain questions concerning the application of this
model to experimental data. Careful fits of theory to experiment have not
yet been done, and likely will require use of the anharmonic free energy
for the plectonemic state. The payoff should be appreciable thanks to the
availability of a microscopic model for the extended state of Moroz and
Nelson [36, 37] which allows measurements of the force-dependent twist
rigidity cs to be linked to the microscopic twist elastic constant C.

The coexistence model discussed here allows one to then determine
the absolute free energy of plectonemically supercoiled DNA over a very
wide range of σ. The results of Sec. 4 show that even small changes in the
shape of the plectonemic free energy P(σ) (Fig. 7) lead to changes in the
of the linear portions of the extension vs. linking number curves (compare
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Figs. 3 and 8) that should be readily observable experimentally. Given
that salt concentration changes should change the plectonemic free energy
more than the extended state free energy, it ought to be possible to use the
theory of this paper for stretched twisted DNA to rather comprehensively
study the free energy of the interwound plectonemic domains.

The third key output of this theory is prediction of the torque in
stretched twisted DNA, and therefore inside plectonemic DNA. Constant
torques generated during plectoneme-extended coexistence are starting to
be used to drive rotary relaxation experiments on topoisomerases [21, 23],
but those torques have proven much more difficult to calibrate than forces.
The theory presented here allows one to more directly determine torques
in experiments, from extension measurements as a function of force and
linking number. Furthermore, molecules containing palindromic sequences
suggests may provide a kind of “torque standard”, as discussed in Sec. 5.

Many additions, improvements and generalizations of this type of the-
ory are possible. At the workshop Vincent Croquette commented that the
behavior of the crude DNA denaturation model [27] used in the model to
predict the “phase diagram” and the properties of the denatured states
is likely too simple to completely describe experimental data. This issue
will require further study, especially of comparison of theory with experi-
mental data, to understand completely. The effects of domain fluctuations
and sequence-dependence of denaturation and “pinning” of positions of
the plectonemic domains are poorly understood, both experimentally and
theoretically. Finally, understanding how the presence of DNA-binding
proteins, as found along chromosomes in vivo, modify extension-linking
number curves is a subject of theoretical [53, 54] and experimental [55]
interest.
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